Let f : X → Y be a smooth morphism of complex analytic manifolds and let F be an R-constructible complex on Y . Let M be a coherent D X -module. We prove that the microsupport of the solution com- 
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Let X be a complex analytic manifold. Let O X denote the sheaf of holomorphic functions on X and let D X denote the sheaf of holomorphic differential operators.
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bounded derived category of regular holonomic D X -modules which has no counterpart in the general case.
Also, in [15] , assuming that M is regular along a sub-bundle V of T * X in the sense of [16] , for any F ∈ D b R−c (C X ), we obtained
(here a denotes the antipodal map on T * X and the operation+ was defined in [13] ).
In the case of an arbitrary R-constructible object F , one first difficulty is that F needs not, in general, to be concentrated in degree zero. However, this property is satisfied by F = C U , the constant sheaf supported by a Stein subanalytic relatively compact open subset U (see [9] and [18] ).
The purpose of this paper is to study the propagation (i.e. microsupport)
for the solutions of a coherent D X -module (or, more generally, of an object of the derived category) in tHom(f −1 F, O X ) where f : X → Y is a smooth morphism of complex manifolds and F ∈ D b R−c (C Y ). For that, we shall use the notion introduced in [19] of 1-characteristic variety of a coherent D Xmodule with respect to a smooth morphism f : X → Y , where it is denoted by C 1 f (M). It is a variant of the the notion of 1-microcharacteristic variety for D X -modules and it is a conic closed involutive analytic subset of the relative conormal bundle T * (X|Y ).
More precisely, denoting byf the canonical projection T * X → T * (X|Y ), in Theorem 2.10 we prove that, for any G ∈ D b R−c (C Y ), we have
Our main inspiration is the analysis developped in [7] , which we partially adapted in order to obtain a Cauchy-Kowaleskaia theorem of precise type with data satisfying tempered growth conditions on a Stein subanalytic open subset of the form f −1 Ω.
We then apply this estimate to the tempered microlocalization functor tµhom(f −1 F, O X ). Let E X denote the sheaf of microdifferential operators on X. NotingM := E X ⊗ π −1 D X M, V the regular involutive submanifold X × Y T * Y of T * X, ρ V : T (T * X) → T V (T * X) the canonical projection, C 1 V · (M) ⊂ T V (T * X) the 1-microcharacteristic variety ofM along V · = V \ T * X X, and identifying T * (T * X) to T (T * X) by the Hamiltonean morphism, we obtain in Theorem 6.2,
The paper is organized as follows:
In the Section 2 we pass under review the construction of C 1 f (M) and stateTheorem 2.10.
In Section 3 we prove a variant of Grauert's Theorem for subanalytic relatively compact open subsets of R n .
In Section 4 we study the behaviour of the microsupport and of the 1-characteristic variety under realification.
In Section 5 we study the Cauchy problem and propagation to end with the proof of the main result. We start by treating the Cauchy problem for
for a given open subanalytic set Ω ∈ Y . More precisely, setting G = C Ω , we prove a Cauchy-Kowalevskaia-Kashiwara theorem (The-
H is a closed submanifold non 1-characteristic for a coherent D X -module M with respect to f . This is performed by reduction of f to the case of a projection f : X = Z × Y → Y , and to M = D X /D X P for an operator P .
Then, given H a submanifold of X non 1-characteristic for P with respect to f , we obtain a precised Cauchy-Kowalevskaia theorem with data
Together with a Zerner type theorem (cf Lemma 5. As an example of application we obtain (cf Corollary 2.14):
Let X be a complex manifold, let Y be a d-dimensional manifold complexifying a real analytic submanifold N and let f : X → Y be a smooth
can be understood as a sheaf of distributions with holomorphic parameters which we shall denote, for the sake of simplicity, Db X|N . We then obtain:
Section 6 is dedicated to microlocalization. After reviewing the notion of 1-microcharacteristic variety and the tempered microlocalization functor, we state and prove Theorem 6.2.
It is a pleasure to thank M. Kashiwara, P. Schapira, G. Morando, L.
Prelli, A.R. Martins, S. Guillermou, for their helpeful attention and, in particular, to D. Barlet whom I owe the essential idea to prove Theorem 3.2.
2 Review on tHom, the 1-characteristic variety associated to a smooth morphism and estimate for tHom We will mainly follow the notations in [13] , [14] and the construction in 1.3
of [19] .
Let X be a real analytic manifold. Let T X be the tangent bundle to X and T * X the cotangent bundle, with the projection π : T * X → X. We identify X with the zero section of T * X. Given a smooth submanifold Y of X, let T Y X be the normal bundle to Y and let T * Y X be the conormal bundle.
For a submanifold Y of X and a subset S of X, we denote by C Y (S) the normal cone to S along Y , a closed R + -conic subset of T Y X.
For a morphism f : X → Y of manifolds, we denote by
the associated morphisms. Recall that when f is smooth, f d is an embedding, and that when f is an embbeding, f π is smooth.
Let us assume that f is smooth. Set V = X × Y T * Y . Then f π is smooth and, by f d , V is a sub-bundle of T * X. Recall that the relative cotangent bundle is defined by the exact sequence
Remark 2.1. Let X, Y be real manifolds, and let p : X × Y → X, q :
For a subset A of T * X, we denote by A a the image of A by the antipodal map a : (x, ξ) → (x; −ξ).
The closure of A is denoted by A. Let γ ⊂ T X be a cone; the polar cone γ • to γ is the convex cone in T * X defined by γ • = {(x; ξ) ∈ T X; x ∈ π(γ) and Re v, ξ ≥ 0 for any (x; v) ∈ γ}.
Given A and B two closed R + -conic subsets of T * X one associates a closed R + -conic subset A+B of T * X (cf. Definition 6.2.3 and Proposition
of [13]).
Let j : Y → X be an embedding of manifolds. The notion of j # , a correspondence introduced in [13] associating conic subsets of T * Y to conic subsets of T * X is characterized by the following result:
Proposition 2.2 (cf.Remark 6.2.8 of [13] ). Let Λ be a conic subset of T * X.
Let (x ′ , x ′′ ) be a system of local coordinates on X such that Y = {x ′ = 0}.
Let (x ′ , x ′′ ; ξ ′ , ξ ′′ ) be the associated coordinates on T * X. Then
We denote by D b (C X ) the triangulated category of complexes of Cvector spaces with bounded cohomologies and by
) the triangulated category of complexes with bounded and Rconstructible cohomologies (respectively with C-constructible cohomologies).
For any F ∈ D b (C X ), one associates its microsupport SS(F ), introduced by Kashiwara and Schapira in [13] , a closed R + -conic involutive subset of T * X given by:
only if there exists an open conic neighbourhood U of p such that for any
x ∈ π(U ) and any R-valued C α -function ϕ defined on a neighbourhood of x such that ϕ(x) = 0, dϕ(x) ∈ U , one has
We shall need need the following properties of SS(·) proved in [13] . Given (x 0 , ξ 0 ) ∈ R n × (R n ) * and ε ∈ R we set:
and if there is no risk of confusion we will write H ε instead of H ε (x 0 , ξ 0 ). 
Proposition 2.6. Let Y and X be real analytic manifolds and let f :
Given a morphism g : X → Y of real manifolds, we note or X|Y the sheaf on X of relative orientations. We note Db X the sheaf of Schwartz distributions on X.
On a complex manifold X, we consider the sheaf O X of holomorphic Given a morphism f : Y → X of complex manifolds we shall consider
The functor of moderate cohomology from
, was introduced in [12] . For a detailed study we refer to [14] . Recall that, when X is a complexification of a real analytic manifold M of dimension n and
We shall use the following properties:
where the sheaf O t−U X is defined by:
(ii)( [18] , [9] ) Assume that U is Stein relatively compact. Then
is concentrated in degree 0 and, for any open Stein subset V , for any j ≥ 1,
Let us now consider a smooth morphism f : X → Y of complex manifolds, let M ∈ M od coh (D X ) and let us recall the construction of C 1 f (M) due to Schapira in [19] . The ring of differential operators relative to f is
which is endowed with the filtration by the order induced by the order on D X . We note σ the associated principal symbol. The 1-characteristic variety of M with respect to f is a closed conic analytic subset of T * (X|Y ) which, assuming that M = D X /J for a coherent ideal of D X , is given by:
We can extend this construction to
Lemma 2.8. Let X, Y, Z be complex manifolds, let f : X → Y be a smooth
Proof. By classic tools, we may assume that M is concentrated in degree zero and is of the form M = D X /J , for a coherent ideal J of D X . Let us conseder a system of local coordinates (x) on X, (z) on Z and (y) on Y .
where
For a submanifold H ⊂ X, we shall say that H is non 1-characteristic
Remark 2.9. Let E X denote the sheaf of microdifferential operators on X.
is the differential version of the 1-microcharacteristic variety of the microdifferential system
We state now the main result of this work:
Theorem 2.10. Let X and Y be complex manifolds, let f : X → Y be a smooth morphism. Then, for any
We illustrate our result with simple examples:
Let F = C U with U = {y; ℜy > 0} and let H + = {(z, y); ℜz > 0}. We have
in the sense of [16] , hence this example is also an application of [15] . Let B ǫ be an open polydisc of X with center (0, 0) and
to solve D z (e −zy f ) = e −zy g. In both cases it becomes clear that in fact u defines a section of tHom(C × U, O X ).
Since u extends in the z variable by classical Zerner's Lemma, and the general solution of the homogeneous equation
Example 2.12. In the situation of 1. let
. Let U ⊂ Y be equal to {ℜy > 0}. Consider a solution u = C(y)e −y 2 /z of the homogeneous equation, with C(y) ∈
However u does not extend to any open set containing points of the form (0, y).
Let f : X → C y be the projection and let U = {y; ℜy > 0} as in the previous examples. Theñ f −1 (N ) , O X )) ⊗ or f −1 (N )|X as a sheaf of distributions with holomorphic parameters which we denote by Db X|N for short. We get the following estimate, which is to relate with the results in [7] . We shall prove a similar however weaker result (Theorem 3.2 below), under the assumption that Ω is subanalytic relatively compact. For that purpose, we need the following essential tool due to H. Hironaka (cf [5] , [3] ).
Recall that a subset Q of R n is a quadrant if there is a partition of {1, ..., n} into disjoint subsets I 0 , I + , I − such that Q = {x = (x 1 , ..., x n ) ∈ R n :
quadrant is a semianalytic subset and is open when I 0 is empty.
Let S be a real analytic manifold of dimension n. Let K be a compact subset of S. Let X be a subanalytic subset of S. Then there exist finitely many mappings φ i : R n → S such that: 
Proof. We have pj = id X and j is proper so we may use the adjunction formula (7.4) of Theorem 7.2 of [13] for j, f −1 F and p −1 M to obtain a natural isomorphism
On the other hand, the equality lf = (f × id Y )j and Proposition 2.5.11
of [13] entail the existence of a natural isomorphism such that, for any
Rl * F which, composed with (6), gives (4.1).
q.e.d.
Corollary 4.2. In the situation of Proposition 4.1, we have

SS(RHom
Proof. It is a consequence of the properness of p on the support of
Then, for any M ∈ D b coh (D X ), we have 
By Lemma 2.8 we have q(f
which ends the proof.
Cauchy-Kowalevskaia theorem and propagation
with Z ⊂ C n and Y ⊂ C d . f will stand for the projection X → Y .
We shall consider a differential operator P ∈ D X|Y of the form
..D αn zn and where the coefficients a α (z, y) are holomorphic in a neighbourhood Ω 0 of 0 in X.
Let Ω be an open convex subset in Z and let h ∈ C. We note H h and H, respectively, the hyperplane in Z given by z 1 = h and z 1 = 0. Let δ be a real positive number. Following J.M. Bony and P. Schapira in [8] , Ω is
Let now Ω be an open subset of X. We shall say that Ω is
In this situation we have: 
and for any
the Cauchy Problem
Proof. We shall adapt and follow step by step the proof of Theorem 2.4.3 of [7] .
For an open set Ω and f ∈ Γ(Ω; H 0 (tHom(C Z×U , O X ))), for any compact K ⊂ Ω and any k ∈ N, we set
Therefore, the Cauchy data f and (g) satisfy the following condition:
The operator P may obviously be written in the form
where the coefficients a ′ α (z, y) are holomorphic in a neighbourhood Ω 0 of 0. It is clear that, for any open subset Ω ⊂ Ω 0 and f ∈ Γ(Ω; H 0 (tHom(C Z×U , O X ))), there exists C α ≥ 0 such that
We shall construct the solution u of (8) by successive approximation, defining recursively a sequence
by setting u 0 = 0 and u ν+1 being the solution of the Cauchy Problem
Let us note
and
We may assume that h = 0. By the assumption, for any given compact
Let us fix a given ν, let us assume that δ ≥ 0 is given such that Ω is
). We will prove that there exists a constant C, depending only on P and Ω 0 , such that, for
subset of Z, and K 2 ⊂ Y , we have
In view of (10), it is enough to prove that, if
satisfies |w| K,k < +∞ and v is the solution of the Cauchy Problem
then there exists a constant C, only depending on m and of Ω 0 , such that
Remark that v is then the solution of the Cauchy Problem
We have, for such K and k, |w| K,k = sup
Let z ∈ Int(K 1 ) and let y ∈ K 2 ∩ U . By Cauchy integral formula, we get
Furthermore, we may assume δ < 1 and diameter of Ω 0 < 1. Hence
Since Int(K 1 ) is δ − H − f lat, one easily checks that, for t ∈ [0, 1], p t := (tz 1 , z ′ , y) belongs to K ∩ Z × U and that
Iterating m − j times this integration, we get
and we can choose C = e |α| (|α| + 1)!. Therefore (16) is proved which entails (14) .
Remark that v 0 = G + j=0,...,m−1 g j (z ′ , y)z j 1 /j! where G denotes the mthprimitive of f , vanishing up to the order m on H × Y . By assumption,
by induction starting by (14), we get
We may also assume that δ < 1/C. Therefore the series v ν defines a holomorphic function u in Ω ∩ Z × U satisfying the estimate |u| K,k ≤ C 0 (Cδ) ν < +∞. Clearly, u satisfies P u = f . Furthermore, by (15) and 
. Let H be a smooth manifold of X non 1-characteristic for M with respect to f and let
is an isomorphism.
Proof. First case: We may assume the following situation in a neighbohood of x: Considering the associated symplectic coordinates in T * X, (z, y; ζ, τ ), with z = (z 1 , ..., z n ), by a coordinate transformation in X we may assume that H = {(z, y), z 1 = 0}.
Moreover, by Remark 2.3, we may assume M = D X /D X P for a differential operator P of the form (7).
The result then follows immediatly from Proposition 5.1.
Second case:
We assume that Y is the complexification of a real analytic manifold
The assertion is locally checked so we may assume that F has compact support. Then there exists a finite filtration Let Ω = {(z, y) ∈ X : φ(z, y) < 0}. Let u ∈ Γ(Ω; H 0 (tHom(C Z×U , O X ))) and assume that P u extends as a section of H 0 (tHom(C Z×U , O X ))) in a neighbourhood of 0.Then u extends to a neighbourhood of 0 as a section of
Proof. In view of Proposition 5.1 the proof is similar to that of Lemma 2.7 in [21] . We may assume that φ is defined in Ω 0 ⊂ Ω, with Ω 0 as in and radius max (R, δR) is contained in Ω 0 . Then,
and is a neighbourhood of 0. Again by Proposition 5.1 the solution of P u ǫ = P u, γ(u ǫ ) = γ(u) defines a section of
The preceding Lemma has a global version adapting Lemma 3.1.5 of [19] :
Lemma 5.4. Let ω and Ω be two convex subsets in X, with Ω open, ω locally closed and ω ⊂ Ω. Assume that any real hyperplane whose conormal belongs to the closure of {ξ; ∃x ∈ Ω,f (x, ξ) ∈ C 1 f (D X /D X P )} which intersects Ω also intersects ω. Then, if u ∈ Γ(ω; H 0 (tHom(C Z×U , O X ))) is such that P u extends to Ω, u extends to Ω.
As an easy consequence of the Analytic continuation principle for holomorphic functions we obtain: 
Proof. We may assume U is Stein. Let p = (x, ξ) / ∈f −1(C 1 f (M)). As above, we may assume that x = 0 ∈ C n+d , X = Z × Y , where Z is an open neigborhood of 0 ∈ C n , Y is an open neighbourhood of 0 ∈ C d , f is the projection and p = (0, 0; dz 1 , 0). Moreover, we may assume M is of the form D X /D X P for a differential operator of the form
where 
we have
By (3), it is enough to prove
Let us prove i):
with support in H ǫ . Let γ ′ denote the closed convex cone of C n defined by
Then, for any y ′ ∈ U , the holomorphic function in the z variable s ′ (., y ′ ) is defined in z + Int(γ ′ ) and has support in {z, Rez 1 ≥ −ǫ}, hence vanishes which entails s = 0 by Lemma 5.5.
The proof of ii) follows from Lemma 5.4 and the stepwise adaptation of Proposition 5.1.5 of [13] by a classical argument (see [19] , [21] ).
q.e.d. For P ∈ E V ∩ E X (m), P / ∈ E X (m − 1), one defines σ 1 V (P ) as being the image of σ(P ) in I m V /I m+1 V
. Hence σ 1 V (P ) defines a holomorphic function on T V (T * X).
Let M be a coherent E X -module. By the constructions of [22] and [23] , one associates to M the 1-microcharacteristic variety along V , a conic analytic subset of T V (T * X), satisfying, for M = E X /J , J a coherent ideal of 
Proof. We may assume that M is concentrated in degree zero and M = D X /L for a coherent ideal L ⊂ D X , and assume that f : X = Z × Y → Y is the projection. Taking local coordinates (z, y) in X and the associated canonical coordinates (z, y; ξ, η) on T * X, we get V = {(z, y; ξ, η) ∈ T * X, ξ = 0}. The result follows for, for P ∈ D X|Y , one has σ 1 V · (P )(z, y, 0, η;ξ) = σ(P )(z, y,ξ).
Estimate for tµhom
Let us recall the construction of the functor tµhom(·, O X ) of tempered microlocalization of ( [1] ).
LetX C be the complex normal deformation of X × X along the diagonal ∆ which we identify with X by the first projection p 1 , which gives an identification of T X with the normal bundle T ∆ (X × X). Let t :X C → C and p :X C → X × X be the canonical maps, letΩ be t −1 (C − {0}) and Ω = t −1 (R + ) ⊂Ω. Let p 2 : X × X → X be the second projection.
Consider the following diagram of morphisms: 
